Abstract. Let G be an Abelian group and let C G denote the linear space of all complex-valued functions defined on G equipped with the product topology. We prove that the following are equivalent.
Introduction

Let G be a locally compact Abelian group and let C(G) denote the linear space of all complex-valued continuous functions defined on G equipped with the topology of uniform convergence on compact sets. A nonzero function m ∈ C(G) is called an exponential if m is multiplicative; that is, if m(x + y) = m(x) · m(y) holds for every x, y ∈ G. It is easy to see that the translates of a function f ∈ C(G)
span a one-dimensional subspace of C(G) if and only if f is a constant multiple of an exponential. We say that harmonic (or spectral) analysis holds on G if every nonzero translation invariant closed subspace of C(G) contains an exponential. If the translation invariant closed subspaces of C(G) are spanned by polynomialexponential functions, then we say that harmonic (or spectral) synthesis holds on G. (A function is polynomial-exponential if it belongs to the algebra generated by the continuous additive functions and by the exponentials.)
A theorem of R. J. Elliot [2] claims that harmonic synthesis holds on every discrete Abelian group. As it turned out, Elliot's proof was defective. In fact, by a recent result of L. Székelyhidi [6] , the statement is false. Székelyhidi proves that harmonic synthesis fails on R (equipped with the discrete topology) or, more generally, on every Abelian group containing the free Abelian group of rank ω. The statement that even harmonic analysis may fail on some free Abelian groups was proved in [5] .
In this note our aim is to characterize those Abelian groups on which harmonic analysis holds. Let r 0 (G) denote the torsion free rank of G; that is, the cardinality of a maximal independent system of elements of infinite order. In other words, r 0 (G) is the maximal cardinality κ such that G contains the free Abelian group of rank κ as a subgroup. The cardinality of continuum is denoted by 2 ω . Our main result is the following. As a special case we find that harmonic analysis holds on the free Abelian group of rank ω. (This was first proved in [4] .) Since, by [6] , harmonic synthesis fails to hold on this group, we find that harmonic analysis does not imply harmonic synthesis in general.
Sufficiency
In this section we show that if r 0 (G) < 2 ω , then harmonic analysis holds on G. This will be shown by using duality.
The set of functions from G to C will be denoted by C G . We shall say that an operator D :
for every f ∈ C G and x ∈ G. The set of all difference operators will be denoted by D. If A ∈ D and a ∈ C, then we define aA ∈ D by (aA)f = a(Af ). If A, B ∈ D, then the sum and product of A, B are defined by (A + B)f = Af + Bf and (AB)f = A(Bf ). It is easy to check that under these operators D becomes a commutative algebra. Let T g denote the translation operator T g f (x) = f (x + g). Then T 0 is the identity operator; also, it is the unit element of D. Every difference operator is the linear combination of translation operators.
The linear space C G endowed with the product topology is a locally convex topological vector space. It is easy to see that the continuous linear functionals on
, where a i ∈ C and x i ∈ G (i = 1, . . . , n). Let V be a translation invariant closed subspace of C G , and put I = {D ∈ D : Df = 0 for every f ∈ V }. Then I is an ideal of D, and for every f ∈ C G we have
∈ V , then the local convexity of the space implies the existence of a continuous linear functional L such that Lf = 0 and Lg = 0 for g ∈ V. Thus there are elements a i ∈ C and
In order to prove that every nonzero translation invariant closed subspace contains an exponential, it is enough to show that if I is a proper ideal, then there is an exponential m such that Dm = 0 for every D ∈ D. The situation is that of Hilbert's Nullstellensatz, and the statement for the free group of rank ω can be proved by generalizing Hilbert's theorem to the polynomial ring of countably many variables [4] . In the general case we shall apply the proof of Hilbert's theorem instead of generalizing it. The next lemma is a variant of [ Proof. It is enough to prove that every element of X is algebraic over k. Suppose this is not true, and let Y = ∅ be a maximal algebraically independent subset of X. For each i = 1, . . . , n, the right-hand side is a symmetric polynomial of the conjugates of x i over L, and thus it is of the form F/G, where F, G ∈ k[Y ], and G divides a power of
Since L is a pure transcendental extension of k, it follows from N/(y 0 − c) = F/G that G is divisible by y 0 − c, and thus at least one of the polynomials G xi must be divisible by y 0 − c. This, however, contradicts the choice of c, which completes the proof.
Theorem 3. If G is an Abelian group satisfying r 0 (G) < 2 ω , then harmonic analysis holds in G.
Proof. As we saw already, it is enough to show that if I is a proper ideal, then there exists an exponential m such that Dm = 0 for every D ∈ I. We may assume that I is maximal. Then K = D/I is a field. It is easy to see that c → c · T 0 (c ∈ C) is an isomorphism from C into D. Therefore, k = {c · T 0 : c ∈ C} is a subfield of D isomorphic to C. Let φ denote the natural ring homomorphism from D onto K.
is a subfield of K isomorphic to C. If we identify k with C, then K becomes an extension of C.
We put m(g) = φ (T g ) for every g ∈ G. Then m : G → K is multiplicative since
which is not the case. If
In order to complete the proof it is enough to show that K = C.
In other words, K is the ring generated by C and by the elements m(g) (g ∈ G). Let tG denote the torsion group of G (that is, the set of elements of finite order), and let X ⊂ G be a set containing exactly one element of each coset of tG. We show that |X| < 2 ω . Suppose |X| ≥ 2 ω ; then |G/tG| = |X| ≥ 2 ω . Now G/tG is a torsion free group, and thus it contains a free Abelian group of rank |G/tG| ≥ 2 ω . Let Y be a set of generators of this free subgroup with |Y | ≥ 2 ω . Let ψ denote the natural homomorphism from G onto G/tG, and select a point from each set ψ −1 ({y}) (y ∈ Y ). The set Z of these points is an independent system of elements of infinite order. Since |Z| ≥ 2 ω , it follows that r 0 (G) ≥ 2 ω , contradicting the assumption on G. Thus |X| < 2 ω , as we stated. Every element of G can be written in the form x + h where x ∈ X and h ∈ tG. If h ∈ tG and nh = 0, then 1 = m(0) = m(nh) = m(h) n and thus m(h) is an n th root of unity. In particular, m(h) ∈ C for every h ∈ tG. Therefore we have
Since |m(X)| ≤ |X| < 2 ω = |C|, it follows from Lemma 2 that K is an algebraic extension of C. As C is algebraically closed, we obtain K = C, which completes the proof.
Necessity
Lemma 4. If harmonic analysis holds on the group G, then the same is true for every subgroup of G.
Proof. Let H be a subgroup of G, and let V = 0 be a closed invariant subspace of 
, and thus
Thus Df = 0 for every D ∈ I, which proves the lemma. Since C(t) is a field, J is a maximal ideal, and the factor ring D/J is isomorphic to C(t). The set of functions V = {f ∈ C G : Df = 0 (D ∈ J )} is a closed translation invariant subspace of C G and, by Lemma 5, V is nonzero. We claim that V does not contain any exponential function. Suppose m ∈ V is an exponential. It is easy to check that the map
is a homomorphism from D into C, and Dm = 0 if and only if Ψ(D) = 0. The ideal I = {D ∈ D : Dm = 0} contains J and hence I = J by the maximality of J . Thus J is the kernel of Ψ. Therefore, D/J is isomorphic to C, which is a contradiction.
